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Limits of Functions

Limits of functions, including one-sided limits

« An intuitive understanding of the limiting process
« Calculating limits using algebra
« Estimating limits from graphs or tables of data

To determine the behavior of a function, we evaluate its limits at significant
points of its domain. We can use limits to determine where a function is con-
tinuous and where it has asymptotes, as well as to predict its values and end
behavior. The concept of limits allows us to find instantaneous rates of change,
a study that leads to differential calculus. We also use limits to estimate areas
under curves, which leads to integral calculus. You should be able to determine
limits using methods of substitution, algebra, graphing, or numerical approx-
imation.

When we are finding the limit of a function, we are determining the value that
the function, f(x), approaches as x gets very close to some particular value.
This does not mean that f(x) takes on that value at x, but rather that it
approaches that value. Additionally, we sometimes find a limit of a function as
x approaches either infinity or negative infinity (see example 5).

For a limit to exist as x approaches some value ¢, the limit of the function
must be the same as x is approached from both the left- and right-hand sides
of ¢. If ¢ is either a right- or left-hand endpoint, we may be able to find a one-
sided limit at that point.

A function f(x) has a limit, L, as x approaches ¢ if and only if

lim f(x) = lim+f(x) = L.

X—>C X=2C

We simply write lim f(x) = L (if the conditions above are met).
X—>¢
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be met.
lim f(x) = 1im+f(x) =L

X>¢ X—>C

This is easily done by evaluating the three parts separately, as the following
example illustrates.

v lim f(x) = -2
x—>2"
- lim f(x) = —1
e x_)2+
/\\_ Since ﬁfle_f(x) # lin21+ fx),
”‘ x—> x—>
- ‘31\3/ —— lim2 f(x) does not exist.
xX—>
y = flx)

[—6,6] by [—4,4]

We shall review finding two-sided and one-sided limits as well as limits that
involve infinity.

Two-Sided Limits

One method used to find a limit of a function is to substitute that value into
the function. Find the following limits using substitution.

2
. 3 _ _ : X _
1. lim (x 5) = 2 lim (x — 2) =

x—2 x——4

2
) — 9
3.(A) 1 ~J;—~—>=
()xl—>mj(x2—5x+6

(B) The substitution method was not helpful in part (A). Why?
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problem. approximate lim3 f(x).
o =9 -
—3x* — 5x + 6 x f(x)
R { )( ) 2.7 8.1429
lim =
x—3 ( ) ) 28 | 7.25
. _ 29 | 6.5556
im =
x—3 3
3.1 5.5455
3.2 5.1667
One-sided limits
4. y At the endpoints, we can find only

the right-hand limit as x
approaches —3 and the left-hand
(.2) limit as x approaches 8.

ll;/AHH x (A) lim+f(x)=

x—>—3

/ \ ®)  lim f) =
-3, —4)/: 8,-3)

Limits Involving Infinity

5. fx)
(a)  lim_flx) =
(B) ligll Jx) =

I I I L1l x

() lim flx) =

x—2"

(D) lim f(x) =

x—2

(E) lim f(x) =

x—>—00

B lim flx) =

x—>+00

(-8, 8] by [-8, 8]

. x— 3
f(x)—xz—x—Z

72 PART IIl: REVIEW OF AP* CALCULUS AB AND BC TOPICS





[image: image4.png]Problem 5 illustrates the following properties.

If either lim f(x) = oo or lim f(x) = * 00, then thelinex = aisa
x—>a~ x—a’t

vertical asy}nptote of the graph of the function y = f(x).

If either lim f(x) = bor lim f(x) = b, thentheliney = bisa
x—>+00 x—>—00

horizontal asymptote of the graph of the function y = f(x).

Additional Practice
2x— 3, x=2
1. =
fx) {xz -1, x>2
(A) lirrzl_f(x) = (B) linzgf(x) =
x— x—>

(C) What does this imply about the lim2 f(x)? Explain.
x>

2x— 3, x=2
x2+a, % = 2,

2. Let f(x) = {

Use one-sided limits to find the value of a so that lim2 f(x) = L.
X—>

3. £ (A) x_lirfloo flx) =

(B) lim f(x) =

x—>4+00

E (C) Conclusion
MTH['IHIIIHII -

TTTTTT

[-15, 15] by [-8, 8]

—10x + 2
x>+ 5

flx) =
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B) lim fx) =

x—> 400

(C) lim f(x) =

SEERRNRENE. X x—>—2"

(D) lim f(x) =

x—2

ATTTTTTTTY

EERREENEAY!
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(E) Conclusions

[-12, 12] by [-10, 10]

) = 2x2x'i2“ ix4— 5
5. £ (A) lim f(x) =
__ (B) lim flx) =
.
[—4,4] by [-1, 3]

flx) = sianx

6. Use the values in the table to approximate lim1 . f(x).
x——1.
x f(x)

—1.83 | —22.51
—1.82 | —22.54
—1.81 | —22.57
—-1.8

—1.79 | —22.63
—1.78 | —22.66
—-1.77 | —22.69
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Need More Help With . . .

The graph of which of the following equations has y = 1 as an

asymptote?
(A) y = cosx

2
D) y=—>
(D) x> =5

(B) y=¢"

(E) y= ~Inx

3

C) y=—=
©y x2+ 1

If lim f(x) = L, where L is a real number, which of the following must

X—>a
be true?

L. fla) =1L
II. lim f(x) =1L

x—>a

m. lim f(x) =L

(A) Tonly
(D) T and III

lim

(A) O

(D) 1

If the graph of y =

4x2+x—7:
x—-00 x> — 55 — 3

x+c

(B) TandII
(E) 1,11 and III

(C) Tand III

7
) 2 (©) 4
(E) Nonexistent
b . _
has a horizontal asymptote y = —2,a

vertical asymptote x = 4, and an x-intercept of 1.5, thena — b + ¢ =

(A) -3.

Limits?
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(B) 1.

(C) 5.

See .

(D) —o9.

(E) —1.

Precalculus, Section 10.3

Calculus, Sections 2.1 and 2.2
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